It is shown that in an ideal coupled magnetofluid, the equilibrium magnetic (velocity) field is described by a two-parameter, double curl (∇×∇× ) system of equations.
The coupling between the magnetic field and the flow velocity (through the nonlinear induction effect and its reciprocal Lorentz force) tends to impart considerable complexity to magnetohydrodynamics (MHD). In spite of this complexity, MHD does allow regular and ordered behavior. An example is the appearance of the equilibrium magnetic field (B) satisfying the "Beltrami condition,"
when the flow energy can be neglected. Here, α is a scalar field that must satisfy B · ∇α = 0 to insure ∇·B = 0. The Beltrami magnetic field represents a "stationary (no-flow)" force-free (the Lorentz force J × B = (c/4π)(∇ × B) × B ≡ 0) macroscopic plasma state. Woltjer [1] derived (1) by minimizing the magnetic energy with the constraint that the local magnetic "helicity" is conserved. Taylor [2] introduced the far-reaching concept of relaxation: he conjectured that a small amount of resistivity present in a realistic plasma would tend to relax all the local helicity constraints leaving only the conservation of global helicity intact.
The minimization of the field energy with the global constraint, then, leads to the "relaxed state" characterized by a spatially homogeneous α in (1), i.e., a "constant-α Beltrami field."
The aim of this paper is to show that a more adequate formulation of the plasma dynamics allows a much wider class of special equilibrium solutions. The set of new solutions contains field configurations which can be qualitatively different from the constant-α-Beltrami magnetic fields (which are naturally included in the set). The larger new set may help us understand a variety of structures generated in plasmas. It also opens up the possibility of experimenting with altogether different configurations some of which may lead to a novel regime of high-pressure plasma confinement.
When electron inertia is neglected, the normalized two-fluid equations with arbitrary flows can be written as
where v i (v e ), and p i (p e ) are respectively the ion (electron) velocity and pressure, M is the ion mass, n is the constant particle density, and g i (g e ) represent all other gradient forces including an externally applied electrostatic field. To derive (2) and (3), we have used the
In order to write (2) and ( 
where β i and β e are the ion and electron pressures normalized to B 2 0 /4π, and g i ( g e ) are the normalized gradient forces. To derive (4) and (5), we have also assumed that the particle density is spatially uniform. Our intention, in this letter, is to concentrate on an algebraically simple system to delineate new and interesting physics. The effects of electron inertia, nonuniform density etc., will be dealt with in a forthcoming detailed publication.
Taking the curl of these equations, we can cast them in a revealing symmetric form
in terms of a pair of generalized vorticities
and effective velocities,
The first equation is the induction equation with the difference that we do not neglect 
, and rewrite (6) as
where µ 1 and µ 2 are scale parameters that can be considered as intensives in a possible thermodynamic interpretation (to be discussed later). The simplest equilibrium solution to (9) is U j = 0(j = 1, 2), or equivalently the system of linear equations in B and V (a = 1/µ 1
which describes, explicitly, the strong coupling between the magnetic and the fluid aspects of the plasma. It is from this coupling that new physics is expected to arise. Equations (10) can be combined to yield, in either V or B, the second order partial differential (α = b − (1/a) and
which, will, naturally lead to magnetic field (and flow velocity) structures far richer than the ones contained in the "constant-α Beltrami-Taylor" (B-T) system.
The equilibrium solution (10), when substituted into (2) and (3) leads to the Bernoulli
suggesting a mechanism for creating pressure (β) gradients in this extended relaxed state. In the simplest case ( g 1 = 0 = g e ),
revealing that an appropriate sheared velocity field can sustain a desired ion pressure gradient. Equations (10)-(11) will serve as a basis for designing a highly effective plasma confinement machine.
Before investigating the explicit solutions of (11), we would like to make the following comments:
(1) The set of equations (10) can be derived by following the Taylor prescription of relaxed equilibria applied to (9). It is straightforward to show that with appropriate boundary conditions, there are two bilinear constants of motion, the usual total magnetic helicity
, and the generalized helicity h 2 = 1 2
(or any appropriate combination of h 1 and h 2 ) [4] . Minimization of the total energy E = 1 2
with the constraints of constant h 1 and h 2 will directly lead us to (10).
The constants a and b are related to the Lagrange multipliers needed in the constrained minimization. We recently found that Steinhauer and Ishida [5] have developed a similar procedure for dealing with the magnetofluids.
(2) The general steady-state solution allowed by (9) consists of a set of nonlinear equations 
where n is the unit normal vector onto S and ds is the surface element on S . By the divergence-free property of B and ∇ × B, together with (14), these fluxes are homotopy invariants with respect to S , i.e., they are unchanged when S is modified as far as its topological place is unchanged. For a given set of values Φ . This assertion can be derived by generalizing Theorem 2 of YoshidaGiga [3] . Detailed proof will be given elsewhere.
The magnetic (velocity) fields described by (13) have two characteristic length scales (λ
determined by the amounts of helicity and of generalized helicity [manifested through the values of (a, b) and hence of (α, β)] present in the system. The consequences of two inherent scales are best illustrated by studying the explicit solutions of (13) in simple coordinate
systems. An obvious choice would have been the generalization of the well-known cartesian three-dimensional ABC flow. In spite of its tremendous interest, however, we concentrate, in this paper, on the one-dimensional cylindrical system. The cylinder should be seen as the limiting case of a large aspect ratio torus. We choose this example because the main message of this paper is to show that new and exciting, high-pressure confining, highly compact magnetic configurations can be created in the laboratory.
With boundary conditions, B z (r = 0) = B 0 ≡ 1, and J z = (∇ × B) z (r = 0) = s, Eq. (13) yields
where J 0 and J 1 are the ordinary Bessel functions, and we have chosen to write B z(θ) as B t (p) where t(p) stands for toroidal (poloidal). The rest of this paper is an exploration of (15).
Let us begin by deriving from (15), the well-known solutions for the reversed field pinch [2] ; the solutions which are seen as a display of the remarkable property of the plasma to organize itself. We remind the reader that the B-T type of solutions (V → 0) are characterized by a single real valued scale parameter. From (10) and (11)), we see that the limit varies not only on the moderate scale |a| but also on the finer scale |b| −1 . This latter part, unless dissipated by finite resistivity, should emerge as a wavy part superimposed upon a moderately smooth part. This feature should be common to most magnetofluid equilibria and will be dealt with elsewhere.
There does exist a unique situation, however, when the fast component may disappear.
If the boundary value J z (r = 0) = s were exactly equal to λ − , then (15) tells us that the highly-varying part of B t and B p will vanish, and we would be left with only the smooth part characterized by the scale a −1 . Here we see a glimpse of how a smooth magnetic field could emerge (as it seems to do, for example, in a reversed field pinch) in a system with nonzero flow. Aided, perhaps, by turbulence, the system may organize itself in such a way that the central current acquires the needed correct value. In Fig. 1 , we can see an example of such a smooth equilibrium. The size of the system is 10λ i (∼ 25 cm for n ∼ 10 14 ). The velocity fields are small but not negligible. This configuration produces very insignificant pressure confinement by the Bernoulli mechanism.
The most interesting and novel aspects of (15) It follows then, that by the strong coupling of the fluid-kinetic and magnetic aspects of the plasma, a highly confining, fully diamagnetic (fields in plasma are everywhere smaller than the edge plasmas), and everywhere minimum |B| configuration [this will persist even in a large aspect ratio torus as long as the 1/R variation is less than the difference B edge − B(0)]
can naturally emerge for a very compact plasma.
These highly compact diamagnetic structures with scale length of a few λ i , which require strong plasma flows, deserve a thorough investigation. Being the states of lowest free energy, they are expected to be MHD stable. We believe that these configurations point to a possible new path in our quest for controlled thermonuclear fusion. A tentative theoretician's machine-design is being work on. 
is the inverse operator of the curl that is represented by the Biot-Savart integral. We choose the sign in an appropriate way.
[5] L. C. Steinhauer and A. Ishida, Phys. Rev. Lett. 79, 3423 (1997). and hence, the degree of freedom is zero. Indeed, the nontrivial solution is given by the two eigenfunctions of the self-adjoint curl operator, which carry no flux through every cross-section of the domain. 
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